SUMMARY
We have presented a quantitative study of the e ects upon liquid mirror surface quality by ve sources of wavefront aberration: axis misalignment, Coriolis force, Earth's curvature and gravitational eld gradient, and lunar tides. The curvature of the Earth and its gravitational eld gradient cause small but unimportant spherical aberration. Small misalignments of the mirror's symmetry axis cause a transverse image shift, but no wavefront aberrations. The coma-like, and higher order, aberrations resulting from the inclusion of the e ects of lunar tides on the surface of the paraboloidal mirror are completely negligible. The only aberration that requires correction, other than the usual aberrations of a paraboloid, are the astigmatism and pseudo-comatic aberrations (5 00 ! 10 00 for 10m-class LMTs) introduced by the Coriolis force of the Earth's rotation.
A corrector is generally necessary to remove o -axis aberrations of the paraboloid, and can be designed to correct the Coriolis aberrations. Note that for the Time Delay and Integrate (TDI) CCD readout technique (McGraw, Cawson & Keane 1986 ) (used for LMT observations) the corrector must also remove distortion in order that the motion of objects across the detector be linear (Gibson & Hickson 1992) .
We conclude that none of the above e ects result in any signi cant limitation to LMT performance, providing that the corrector lens is appropriately designed.
{ 23 {
The magnitude of the pseudo-coma in the third term of equation (67) is approximately half that of the astigmatism in the second. Again, for large LMTs, the magnitude of the aberration is such that careful design of corrector lenses must be undertaken to minimize its e ect. Coriolis force induced coma has also been examined by Borra et al. (1985) .
The remainder of the higher-order terms in (67) The rst term on the right hand side of (67) describes the paraboloid of Section 3.1 with slight defocusing. The second term is proportional to r 2 cos sin and thus represents third order Seidel astigmatism (Welford 1986) . The third term includes a pseudo-comatic aberration (proportional to r 3 cos ) and numerous higher order e ects.
The dominant aberration of equation (67) is the astigmatic term of magnitude 8 10 ?5 m for an f/1.5 10m LMT (3 10 ?6 m for the UBC/Laval LMT). Following the prescription of Welford (1986) , and using (67), the angular diameter of the circle containing 100% of the encircled energy of a point source is approximately sin 2 (D=2gf R ) 1=2 , where D is the mirror diameter and f R is the focal ratio f=D. For the f/1.5 10m LMT, this diameter is 6 00 :6. Similarly, the diameter is 11 00 :4 and 3 00 :6 for f/0.5 and f/5 10m mirrors, respectively. Thus for large LMTs located at sub-arcsecond seeing sites, the magnitude of the astigmatic aberration will require its correction. For the UBC/Laval LMT, the diameter is 1 00 :7.
{ 21 { all physically realisable LMTs.
Coriolis Force
Finally, consider the e ect of the Earth's rotation (i.e., 6 = 0), ignoring the previously analyzed factors (i.e., $ = " = 0 and g is taken to be constant across the surface 
The contribution of to the second matrix on the right hand side of (61) 
As in Section 3.4, the constant of integration must vanish. The rst term of (60) 
The z-equation gives us k:
Recalling equation (22), we may now write (54) as such: 
The r-equation (52) can now be written (using (58)):
{ 18 { that there is no third order aberration due to axis misalignment alone. Friction with the mirror rim can cause a distortion of the surface, but this is con ned to a small outer region of the surface near the rim and can be masked if necessary (E. F. Borra 1991, private communication).
Lunar Tides
Consider now the e ect of the moon. We assume no axis misalignment (i.e., R 1 =1) and also neglect the e ect of the Earth's rotation (i.e., = 0). The equilibrium equations 
by using (2) and (41). From the z-equation of (42) 
Integrating (43) 
where f(r) is an arbitrary function of r. Comparison of (45) and (46) 
The rst term on the right hand side of (47) describes a paraboloid as in Section 3.1. The second term represents a transverse shift of the reference sphere (i.e., image shift), and is not a wavefront aberration (Born & Wolf 1975; Welford 1986 
The rst term is a paraboloid of focal length f = (1 ? g =R ! 2 )g =2! 2 which is slightly shorter than that in Section 3.1 (i.e., this defocusing is simply a longitudinal shift of the reference sphere (Born & Wolf 1975; Welford 1986) ). The second term represents third order Seidel spherical aberration. Being of order 10 ?13 m, even for a 10m-class LMT, this aberration is entirely negligible. For the 2.7m UBC/Laval LMT, the magnitude of the spherical aberration is even less, being of the order 10 ?15 m.
Axis Misalignment
Consider now the e ect of misalignment of the mirror axis. We assume that " in (6a) is small, so that cos " 1 and sin " ". As before, = $ = 0, and the gravitational eld is taken to be constant across the face of the mirror (i.e., neglect the curvature of the Earth). Then 
{ 15 { 100% of the encircled energy of a point source is approximately ! 4 fr 3 =g 0 2 R . e.g. for the 10m f/1.5 mirror, the resultant spherical aberration is entirely contained within a circle of diameter 0 00 :09. Indeed, for all feasible 10m-class LMTs, the size of the spherical aberration introduced by the gradient of the Earth's gravitational eld can be safely ignored.
For the UBC/Laval 2.7m f=1:9 LMT the circle is only 0 00 :002 in diameter. The largest of the higher order terms in (35) are approximately seven orders of magnitude smaller than the spherical aberration term and will not be discussed further.
Because the aberration introduced by including the gravitational eld gradient in the analysis is negligible, henceforth we will assume the simplifying assumption that 2
x 2 + y 2 in equations (18) 
The z-equation from (36) gives k:
{ 14 {
Earth's Gravitational Field Gradient
Consider the rotation of the mirror in a gravitational eld g which is everywhere aligned with the rotation axis, but is no longer uniform in magnitude perpendicular to the mirror surface. i.e., representing the change in the strength of g as one moves further from the Earth's surface. It is important to at least examine if the curvature of mirror, causing di erent points on the surface to sample di erent local eld strengths, can contribute to the generation of any measurable aberrations.
We proceed as in x3.1 by taking = $ = " = 0 in equations (6a) and (27), resulting in the identical set of equations (32). Unlike x3.1 though, we now use equations (18) and (19) exactly as given in x2.3. From (32c), then, we see
where g 0 = R 2 =M G N is the gravitational acceleration at the mirror vertex.
Using (34) 
As in x3.1, the rst term of (35) describes a paraboloid of focal length f = g 0 =2! 2 (Borra 1982 ). The second and higher order terms are the result of the gradient of the Earth's gravitational eld perpendicular to the mirror surface.
The second term, proportional to r 4 , signi es the presence of third order Seidel spherical aberration (Born & Wolf 1975) . For a 10m f/1.5 mirror, the magnitude of this aberration is < 10 ?8 m. Following Welford (1986), the diameter of the circle containing { 13 { 3. RESULTS
Ideal Case
Consider only the rotation of the mirror in a uniform gravitational eld g aligned with the rotation axis. Then = $ = " = 0 in equations (6a) and (27) 
{ 11 { The w component of equation (21) is taken to be zero, but in general the mirror is not in the w = 0 plane. This is not important as the e ects of w 6 = 0 are purely second order, and as will be shown in x3.5, the rst order lunar e ect is entirely negligible, thus this second order e ect need not be explicitly considered here.
Obviously, the distance`is dependent on the Earth's rotation, varying by up to 1R , and is thus not strictly constant as has been assumed above. Again, varying`results in only a second order e ect. This variation is much slower than the rotation speed of the mirror, thus this coupling of`with the Earth's rotation will only serve to slowly modulate the lunar aberration, justifying the assumption of constant`.
By analogy with (12), equation (21) 
By substituting (16) and (17) into (4) 
Note that since the R matrices are orthogonal, their inverses are equivalent to their respective transposes (i.e., R ?1 R t ). From (1) and (2) 
{ 10 {
The gravitational acceleration consists of two terms; one due to the Earth G , and one due to the Moon G $ , such that:
In the frame aligned with the zenith we have 
M is the Earth's mass and G N is Newton's constant of gravitation; thus in the X frame 
is the vector extending from V to the uid element and`is the distance from the center of the Moon to V. The second term of equation (22) 
In the U frame the acceleration of the uid element is
or by substituting (6) ! (9) into (10) 
where the elements of the transformation matrix A are the partial derivatives of the X coordinates with respect to the U coordinates:
A ij = @x i @u j ; i; j = 1; 2; 3; : : : :
From (5) where is the azimuth angle of the mirror axis (measured from north to west); " is the zenith angle of the axis; is the colatitude of V; is the obliquity of the Earth's axis;
is the hour angle at V of the summer solstice; is the angle that the line joining CE and CM makes with the positive u-axis; R is the distance between CE and V; q is the distance between CE and CM.
Of these matrices only R 3 and T 2 are time dependent, since = t and = $ t, where is the sidereal rotation period of the Earth and $ is the sidereal orbital period of the Moon. Thus from (6c) and (6f) R 3 = ? 2 R 3
T 2 = ? 2 $ T 2 
Then the vector r is normal to the surface element. In equilibrium, r must point in the direction of the resultant gravitational and centrifugal forces, g and f respectively. i.e., r = k(g + f);
where k is a constant. To determine f, we compute the acceleration of the uid element in the inertial frame U and then transform the vector to the X system.
Coordinate Transformation Matrices
Consider the transformation to the U system. It is convenient to write this as a set of matrix transformations U = R 4 R 3 R 2 ( R 1 X + T 1 ) + T 2 ;
where R 1 rotates the X system to make the z-axis point to the zenith (removing mirror axis misalignment); T 1 translates the origin of the system to the center of the Earth (CE); R 2 rotates the z-axis to the north pole; R 3 rotates about the z-axis to make x lie in the u ? w plane; R 4 rotates the z-axis to the north ecliptic pole; T 2 translates the origin to the center of mass.
The transformation matrices have the following forms:
{ 6 { 2. ANALYSIS
Coordinate Systems
We are concerned primarily with two coordinate systems, X and U, which are both taken to be Cartesian:
The X system has its origin at the vertex of the mirror (V) and its z-axis coincident with In the X system, the coordinates of a uid surface element may be written using cylindrical coordinates (r; ; z) as x = r cos ; y = r sin ; z = (x; y);
where r is constant for the element and = !t. ! is the angular velocity of mirror rotation, assumed to be constant.
{ 5 { the solar tides are less than half the magnitude of the lunar tides (Abell, Morrison & Wol 1987) , and as will be shown in Section 3.5, lunar tides induce a negligible e ect upon the liquid mirror's equilibrium shape. We also ignore the e ects of friction with the edges of the mirror.
The second paper of this series (Hickson & Gibson 1992b , henceforth Paper II) will review e ects of vibration-induced surface waves upon the imaging quality of liquid mirrors, hence vibrations have been neglected in the analysis that follows.
INTRODUCTION
The equilibrium shape of the surface of a uniformly rotating uid in a constant gravitational eld is a paraboloid, a fundamental property which has provided a strong motivation for investigating the viability of liquid mirror telescopes (LMTs) for astronomical research (Borra 1982) . While the last decade has seen major advancements in liquid mirror technology (see Borra et al. (1990) for a summary of recent activities), culminating in the realization of a di raction-limited f/2 1.5 meter mirror (Borra et al. 1989) , there has been little supplementary theoretical analysis of the potential sources of surface aberrations. Borra, Beauchemin, & Lalande (1985) provide a brief examination of such results.
In this paper, the rst of two examining liquid mirror surface aberrations, e ects of the Earth's Coriolis force, misalignment of the mirror's symmetry axis with respect to the local gravitational eld, the curvature of the Earth, the gradient of the Earth's gravitational eld perpendicular to the mirror surface, and lunar tides, have been quanti ed using a simple wavefront analysis. An estimate of the impact of each aberration on the UBC/Laval 2.7 meter LMT (Gibson & Hickson 1991; Hickson & Gibson 1992a ) is given. Potential limitations to future larger LMTs are also discussed.
Transformation matrices are constructed in Section 2 which allow one to describe the gure of the liquid mirror's surface in the reference frame whose origin is situated at the vertex of the mirror, given a set of perturbing in uences (e.g. symmetry axis misalignment, lunar tides, etc.) generally written in the frame whose origin lies at the Earth-Moon center of mass. It is assumed that this center of mass is an inertial frame of reference, and we have ignored all tidal forces except that due to the Moon. This is a valid assumption as { 3 {
